Abstract. The study of Compton scattering-S + γ → S + γ-at MAMI and elsewhere has led to a relatively successful understanding of proton structure via its polarizabilities. The recent observation of gravitational radiation observed by LIGO has raised the need for a parallel understanding of gravitational Compton scattering-S + g → S + g-and we show here how it can be obtained from ordinary Compton scattering by use of the double copy theorem.
Introduction
The recent observation at LIGO of gravitational radiation has verified the existence of gravitons and has emphasized the importance of studying processes involving their interactions [1] . In the case of the electromagnetic interaction, the Compton scattering process-S + γ → S + γ-has been utilized for many years as a probe of particle structure by measuring the response of a scattering system to external electromagnetic fields, which are characterized by so-called polarizabilities [2] . The use of causality allows another type of probe by the use of various sum rules. An example of this kind is the well-known GDH (GerasimovDrell-Hearn) sum rule, which relates an integral over experimental photoabsorption cross-sections to the anomalous magnetic moment of the target [3] , [4] . It is of interest then to study the related process of gravitational Compton scattering-S + g → S + g. In this case the evaluation of such amplitudes is simplified enormously by use of the double copy theorem, which asserts that such gravitational Compton amplitudes can be expressed in terms of the product of simple Compton scattering amplitudes and an elementary kinematic factor [5] , [6] . In the case of the gravitational interaction, angular momentum conservation demands that there can exist no anomalous gravitomagnetic moment and it is then interesting to ask if there is a corresponding gravitational GDH sum rule.
It is the purpose of this note to study such issues. In section 2 then, we review the subject of Compton scattering and its connection with polarizabilities. We show how such quantities have been calculated by use of chiral perturbation theory and confront the theoretical and experimental values. In section 3 we examine the parallel gravitational Compton scattering reaction and show how factorization allows an enormously simplified evaluation of such amplitudes. The validity of sum rules is also studied. In section 4 we show how the gravitational Compton amplitudes can be used together with unitarity to provide an elementary evaluation of higher order gravitational scattering and our results are summarized in a brief concluding section.
Compton Scattering
The Compton scattering process has long been studied both experimentally and theoretically [7] . On the theoretical side Low's theorem [8] asserts that the Compton scattering amplitude is given up to O(ω 2 ) by the simple Born amplitude plus a possible anomalous magnetic moment term [9] where here the Born amplitude arises from the sum of lowest order contributions from the three diagrams shown in Figure 1 . In the case of a spinless particle, the Compton amplitude is found from the minimal gauged Klein-Gordon Lagrangian
where D μ = ∂ μ + ieA μ is the covariant derivative and
The contributions from the three (individually non-gauge-
and the resultant Born amplitude
is verified to be gauge-invariant. Low's theorem in this case reads [9] Amp
where Amp
and possible higher order corrections can be found from an effective Lagrangian (10) and these numbers contain useful information about proton structure. Thus, since the hydrogen atom electric polarizability is of order the atomic volume, while the proton electric polarizabiity is of order 10 −3 of the proton volume [11] , we learn that the proton is a much stiffer object than the atom. Likewise, since the Δ pole makes a strongly paramagnetic contribution to β M [12] -β Δ−pole M ∼ 10 × 10 −4 fm 3 -the measured value given in Eq. (10) indicates a significant diamagnetic contribution, which may arise from the pion cloud.
Causality can be used to write fixed-angle dispersion relations [13] . Thus in the forward direction, we have
with
The amplitude f (ω) obeys a once-subtracted dispersion relation
where σ tot (ω ) is the photoabsorption cross section and, expanding both sides of Eq. (13) in ω 2 , we find the Baldin sum rule [14] 
In the case of spin-1 2 , the Born term becomes
where κ is the anomalous magnetic dipole moment. Low's theorem, as before, reads
, but now the forward scattering amplitude has the form
and
Causality implies that we still have the Baldin sum rule, which now reads
where σ 3 2 (ω ), σ1 2 (ω ) are the photoabsorption cross sections for parallel, antiparallel photon and taget helicities, and we also have a sum rule for g(ω) which, since it involves the spin-flip amplitude, is unsubtracted
Eq. (21) is the GDH (Gerasimov-Drell-Hearn) sum rule [3] , [4] and is well-satisfied in the case of the proton [7] LHS = 205 μb vs. RHS = 212 ± 15 μb
In addition to the leading order polarizabilities α E , β M , one can probe for additional structure by defining higher order quantities [15] 
where
) are field gradients. These definitions lead to additional sum rules
On the theoretical side, there have been various theoretical approaches used to predict polarizabilities, but recently much work has been done using chiral perturbation theory [16] , using both the heavy baryon [17] and covariant baryon versions [18] . In the case of α E , β M we have the results shown in Table 1 . The values of the spin polarizabilities recently measured by the A2 collaboration at MAMI are compared with theoretical predictions in Table  2 . Finally, some calculated values of higher order polarizabilities are shown in Table 3 The rough general agreement here between the experimental and theoretical numbers for the polarizabilities suggests the important role played by the pion cloud.
HBχpt Bχpt PDG [10] α E 10.7 ± 0.5 10.6 ± 0.5 11.2 ± 0.4 DR [19] HBχpt Bχpt Expt. [20] γ E1E1 -5.6 HBχpt(NNLO) 
Gravitational Compton Scattering
When considering gravitational Compton scattering, Low's theorem can again be applied [9] but now any corrections to the simple Born amplitudes must be of order O(ω 4 ), where here the Born amplitude arises from the sum of the four diagrams shown in Figure 2 .
The transition from electromagnetic to gravitational interactions is at lowest order given by the substitution [21] 
Here, in the electromagnetic case, j μ = 1 e δL δA μ is the electromagnetic current, α = e 2 /4π is the fine structure constant, and A μ is the vector potential, while for the gravitational interaction
is the Cavendish constant, and g μν = η μν + h μν is the metric tensor. Writing the spin-0 matter Lagrangian as
we find the electromagnetic current
and energy-momentum tensor
We have then the general matrix element forms [21] 
where q = p i − p f is the momentum transfer and P μ = 1 2 (p f + p i ) μ is the mean momentum. We have the constraints G(q 2 = 0) = 1 from current conservation and F 1 (q 2 = 0) = 1 by energy-momentum conservation.
The contributions to gravitational Compton scattering from the seagull, direct-Born and cross-Born diagrams is then easily found and is only slightly more complex than the corresponding electromagnetic forms:
However, the sum of these three diagrams is neither complete nor gauge-invariant. We must add the contribution from Figure 2d , the graviton pole diagram
where the complex form given here arises from the graviton propagator
and the triple graviton vertex, which is a consequence of the nonlinearity of general relativity [22] 
Adding the four diagrams together we find the final gaugeinvariant form. Obviously the overall structure of the result is complex and difficult to understand. However, there occurs a miraculous simplification, which goes under the name of the "double copy theorem", which asserts that the gravitational Compton amplitude can be factorized 
is a kinematic factor. We leave it to the reader to verify this identity. Remarkably this factorization also obtains for general spin via
We can demonstrate this explicitly for the simplest case of spin-1 2 for which the general form of the energymomentum tensor matrix element is [21] 
where now F 1 (q 2 = 0) = 1 from energy-momentum conservation and F 2 (q 2 = 0) = 1 from angular-momentum conservation. The latter condition requires the vanishing of the anomalous gravitomagnetic moment. Using the lowest order forms, we find for gravitational Compton scattering
Again we leave it as an exercise to show that
In the case of gravitational Compton scattering, Low's theorem reads [9] .
Born GC (S ) is the sum of the four diagrams shown in Figure 2 and Amp NB GC (S ) = O(ω 4 ). The origin of the non-Born terms is again associated with polarizability effects but now represents a quadrupole polarizability [23] . Recall that in the electromagnetic case the polarizability α E , β M represents an induced dipole moment which is produced in the presence of an external electromagnetic field. In the gravitational case, the polarizability represents the induced quadrupole moment which is generated in the presence of an external gravitational field gradient
is the quadrupole moment and R αβ;γδ is the curvature tensor [23] . The corresponding effective Lagrangian is
Then just as the electromagnetic polarizability leads, via two-photon exchange, to the long range CasimirPolder interaction [24] V em (r) = − 23(α
E ) 4πr 7 (46) the gravitational polarizability leads, via two-graviton exchange, to a long-range interaction [23] V grav (r) = − 3897α
Because of the parallels between the electromagnetic and gravitational interactions, it is interesting to ask if there is a gravitational analog to the GDH sum rule, which if so would have a form
because of the vanishing of the anomalous gravitomagnetic moment noted above. A 1968 paper by Gross and Jackiw shows that fixed-angle dispersion relations do exist [9] , but there is an important wrinkle which asserts that sum rules such as Eq. (48) do not. The important point here can be seen by use of factorization, which asserts that in the case of spinless scattering we have the forward scattering amplitude
We have then
so that the forward-angle gravitational Compton amplitude becomes infinite. Because of this divergence, the optical theorem [11] Im
cannot be used. It is interesting to note that in the case of the Compton scattering of a particle with spin
+ . . . 
However, the cross section still diverges so that there exists no gravitational analog of the GDH sum rule.
Gravitational Scattering
In the previous section we showed how the factorization implied by the double copy theorem could be used to evaluate the gravitational scattering reaction in terms of relatively simple Compton scattering amplitudes. In this section we show how this result can be employed to evaluate the one loop corrections to electromagnetic or gravitational scattering. At lowest order, of course, the results of single-photon or single-graviton exchange are well-known and lead to the Coulomb and Newtonian interactions when Fourier-transformed. That is, in the case of photon exchange between systems having charge Q 1 e and Q 2 e, we have, in the nonrelativistic limit,
so
while one-graviton exchange between systems having mass m 1 and m 2 is
These well-known classical physics results are augmented in the quantum mechanical case by loop corrections, and the one-loop corrections to these forms can be found by the use of so-called on-shell methods. In this technique, one uses unitarity to determine the discontinuity across the two-photon or two graviton t-channel cuts (cf. Figure 3 ) [25] . Thus, in the gravitational case we have the form
× P ρσ;αβ P ξζ;γδ Amp αβ,γδ
Using factorization, this discontinuity calculation can be written in terms of simple Compton amplitudes. In this way the discontinuity of one-loop corrections to the gravitational scattering of spinless systems can be straightforwardly found to be [27] , [26] . The imaginary piece of the scattering amplitude arises from the second Born approximation, which is subtracted when defining the second order potential
The simplification here comes from a reordering of summation and integration. That is, in the conventional procedure one evaluates individual and gauge-dependent Feynman diagrams (including ghost loops) by performing fourdimensional integrations. The various diagrams are then summed to produce the final gauge-invariant result. In the on-shell procedure the summation is performed first, producing gauge-invariant Compton amplitudes, which are then used as a component of a two-dimensional integration. Also, because the amplitudes are on-shell, no ghost contributions are required. In this way what was originally a two-year calculation becomes a two-day evaluation.
Conclusions
Above we have discussed how Compton scattering-S + γ → S + γ-has been used to probe the structure of a system with spin-S by measurement of its response when placed in external electromagnetic fields. The resulting deformations are described in terms of polarizabilities [2] , which in the case of the proton have been the subject of experimental study for many years at various laboratories [7] . Most recently experiments by the A2 collaboration at MAMI utilizing polarization have measured not only the size of the leading electric and magnetic polarizabilities α E and β M but also of the higher order spin polarizabilities γ E1E1 , γ M1M1 , γ E2M1 , and γ M2E1 [20] . On the theoretical side these polarizabilities have been calculated via various methods, most recently by the means of chiral perturbation theory [17] , [18] . The chipt estimates are in basic agreement with the experimental results, which indicates the importance of the pion cloud in studying such quantities.
The recent LIGO measurement of gravitational waves and the confirmation thereby of the existence of gravitons [1] emphasizes the need to study the parallel gravitaional Compton scattering reaction-S + g → S + gand this reaction was discussed in turn. The standard way to calculate such reactions, by the use of Feynman diagrams, was shown to be enormously simplified by the use of te recently discovered double-copy theorem [5] , which asserts that the desired gravitational Compton amplitudes can be written in terms of a product of ordinary Compton amplitudes together with a simple kinematic factor. This procedure was then shown to allow, via the use of unitarity and on-shell methods, a relatively simple evaluation of the one-loop corrections to gravitational scattering by evaluation of the discontinuity over the two-graviton t-channel cut.
